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Abstract
The aim of this short note is to show that the class of problem
involving kinetic or thermo–kinetic constraints in addition to the usual
stoechiometric one is non convex.
1 Introduction
Computing efficiently and simultaneously the abundances of metabolites and
proteins and the metabolic fluxes is a critical challenge in systems biology.
A first problem formulation in 2009 resulted in a nonlinear non convex opti-
mization problem [4]. However, it remains to determine if the non convexity
is due to the problem itself or due to its formulation. In [6, 5], the au-
thors studied a constrained enzyme allocation problem with general enzyme
kinetics in metabolic networks and mathematically proved that optimal so-
lutions of the nonlinear optimization problem are elementary flux modes.
Therefore, the computation of the optimal solutions is strongly related to
the enumeration of elementary flux modes, which is computationally hard [1]
and untractable in practice for large metabolic networks [2]. The result of
[6, 5] suggest that the original problem composed of (a) a stoichiometric con-
straint on the metabolic fluxes; (b) a constraint on the allocation of proteins
within the metabolic network; and (c) a kinetic constraint on the enzymatic
capacity of the enzyme, is non convex.
In this note, we consider this problem in a simple case of the metabolic
network. We show that there exist at least two local optima, proving that
the class of problem is non convex.
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Figure 1: Metabolic network
2 A non convex example
We consider a metabolic network described by 3 reversible enzymatic reac-
tions 
S1
E1 X1
X1
ET X2
S2
E2 X2
as illustrated in Figure 1 and with the “biomass reaction” X1 + 5X2
νµ
⇀
biomass. The metabolites S1 and S2 are external metabolites whereas X1
and X2 are internal ones. At steady state, the stoechiometric constraints are
thus {
νµ = ν1 − νT
5νµ = ν2 + νT
.
The enzymatic fluxes are further constrained by thermodynamics and by the
corresponding enzyme kinetics: we used the most plausible law proposed
in [3] with all the parameters of the law set to 1. This leads to further
constraints 
ν1 =
S1−X1
1+S1+X1
E1
ν2 =
S2−X2
1+S2+X2
E2
νT =
X1−X2
1+X1+X2
ET
.
For this network, we want to maximize the biomass flux νµ, with a con-
straint on the enzymes concentration E1 + 0.1ET +E2 ≤ 1. For given S1 and
2
S2, this problem can be formulated as
maximize νµ
ν1, νT , ν2, νµ, E1 ≥ 0, ET ≥ 0, E2 ≥ 0, X1 ≥ 0, X2 ≥ 0
under
νµ = ν1 − νT
5νµ = ν2 + νT
ν1 =
S1−X1
1+S1+X1
E1
ν2 =
S2−X2
1+S2+X2
E2
νT =
X1−X2
1+X1+X2
ET
E1 + 0.1ET + E3 ≤ 1
and is an example of the problem considered in [6, 5]. The external concen-
trations are set to S1 = 0.17 and S2 = 0.755.
For this optimization problem, a brute force approach was implemented
under Matlab 2012a using the fmincon function and sqp algorithm. 1000
random starts were performed with all decision variables between 0 and 1. It
gives the solutions of Table 1 and shows that there are at least 2 local optima
corresponding to two elementary flux modes.
A B
ν1 0 0.0540
νT -0.0574 0
ν2 0.3442 0.2702
νµ 0.0574 0.0540
E1 0 0.3719
ET 1.0659 0
E2 0.8934 0.6281
X1 0 0
X2 0.0569 0
Table 1: Local optima
Another way to obtain these optima is by noticing that, once X1 and
X2 are set in the optimization problem, it becomes a Linear Programming
problem so that the optimal is guaranteed to be obtained (we used cplex).
An illustration of these optima can be found in Figure 2 and Figure 3 (please
mind the different scales and colors between the figures). They represent the
optimal flux νµ as a function of the concentrations X1 and X2. The figures
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Figure 2: Representation of possible optima
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Figure 3: Representation of possible optima (’zoom’)
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were obtained by gridding X1 and X2 (100 points for each between 0 and 1).
There exist at least two local optima for this example, proving that the
considered class of problem is non convex.
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